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Prediction of Three-Dimensional Turbulent Mixing
in an Ejector

A. D. DeJoode*
Rockwell International, Columbus, Ohio

and
S. V. Patankarf

University of Minnesota, Minneapolis, Minn.

A parabolic three-dimensional finite-difference method incorporating a two-equation model for turbulence
closure is used to predict the spreading of a hypermixing turbulent jet within a thrust augmenting ejector. A
hypermixing nozzle has an alternating exit causing the formation of streamwise vortices which increases the
turbulent mixing. Predicted mainstream velocity profiles for hypermixing jets are compared with experimental
data. The formation of the downstream vortices is shown. The selection of initial conditions and the effect of
changing initial turbulence levels are also described.
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Nomenclature
= nozzle element length
= constants in turbulence model
= rate of generation of turbulence kinetic energy
= turbulence kinetic energy
= cross-stream pressure
= mean pressure
= pressure change
= nozzle exit gap
= initial jet velocity
- mainstream direction
- cross-stream directions
= velocity in x direction
= velocity in y direction
= velocity in z direction
= rate of dissipation of turbulence kinetic energy
= normalized y coordinate
- turbulent viscosity
= density
= turbulent Prandtl number for k
= turbulent Prandtl number for e
= turbulent shear stress

I. Introduction

A. Physical Situation Considered

ATHRUST augmenting ejector, Fig. 1, is a device which
increases the thrust of a primary jet by the direct transfer

of energy from the primary jet to the secondary entrained air
drawn from the atmosphere. The mechanism of energy
transfer is the turbulent mixing of the two streams at reduced
pressure inside a diffuser, If the exhaust flow of a turbojet
engine is diverted through a thrust augmenting ejector in-
tegrated into an aircraft wing, Fig. 2, the engine thrust is
increased, as well as diverted. Thus, the additional thrust
required for vertical or short takeoff and landing (V/STOL)
capability becomes available. This capability of producing the
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additional thrust from the cruise engine itself without
requiring separate propulsion devices makes the thrust
augmenting ejector a very attractive device for use in V/STOL
aircraft.

In the early stages of thrust augmenter development, long
mixing ducts were used to obtain the complete mixing of the
primary and secondary streams needed to acquire significant
levels of augmentation. Since long mixing sections are not
possible for practical aircraft applications, mechanisms for
accelerating the rate of mixing of the primary jet inside the
ejector needed to be developed. One such mechanism, the
hypermixing nozzle, has been found to be particularly
promising!"3 due to its simple construction and increased rate
of mixing. The important features of the hypermixing nozzle
and the resulting flowfield are shown in Fig. 3. As shown in
the inset, the nozzle exit is divided into several segments. The
flow issuing from these segments is given an upward or
downward velocity component in an alternating fashion.
These velocity components interact with each other to form
streamwise vortices, as shown by the arrows on a cross-stream
plane in Fig. 3. The figure also shows profiles for the velocity
in the main flow direction. The velocity maximum in front of
an upward-directed jet segment is seen to be located above the
center line, while the peak velocity in front of the adjacent
segment is found below the centeriine. In front of the junction
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Fig. 1 Typical ejector configuration.
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Fig. 2 Turbojet powered wing ejector.

Fig. 3 Hypermixing jet velocities.

of the two segments, the velocity profile has two peaks. This
complex velocity field leads to an increased rate of mixing
with the surrounding air.

B. Previous Work
The earliest theoretical treatment of a thrust augmenting

ejector was a one-dimensional analysis proposed by von
Karman.4 Later one-dimensional analytic methodsu-5 were
broadly based on von Karman's analysis dealing only with
mean values of the flow parameters. The ejector is
represented by its inlet and diffuser area ratios and the
amount of jet mixing is specified by the use of a shape
parameter for the mean velocity profile at the ejector exit.
Viscous effects are included as empirical pressure loss
coefficients. Such parametric methods can increase basic
understanding of ejector performance, but are restrictive
when used for design purposes due to a need for a large
amount of supportive experimental work.

The two-dimensional integral method for ejector analysis
developed by Bevilaqua and McGullough6 does remove the
need for a large amount of supportive testing. Their approach
is to assume that the velocity distribution is given by the
superposition of a self-preserving jet velocity profile on a
uniform secondary velocity. This assumption allows the flow
equations to be integrated and the resulting equations to be
solved together using an empirical relationship to calculate the
spreading rate parameter for the jet based upon freejet en-
trainment data. The method is simple and inexpensive to use
and is attractive for preliminary design purposes.

A two-dimensional parabolic finite-difference method
developed by Gilbert and Hill7 using a mixing length model
for turbulence eliminates the need for specifying a self-
preserving velocity profile shape. This method, modified by
the augmenter development group at Rockwell to also include
wall jets and an iterative scheme to determine proper initial
conditions, works well for the prediction of the performance
of simple two-dimensional ejectors.

However, the newer concepts for increasing the rate of
entrainment of the primary jets, e.g., hypermixing, are
definitely three-dimensional and their turbulent mixing
characteristics cannot be predicted adequately with any of the
two-dimensional methods previously described. A method

capable of modeling the turbulent mixing characteristics of
three-dimensional primary jets in terms of the three-
dimensional velocity and pressure fields is therefore desirable
in order to predict and better understand these complicated
mixing flows.

C. Outline of Present Contribution
The aim of the present work is to obtain a numerical

solution of the three-dimensional velocity and pressure field
in an ejector with hypermixing jets. A complete solution of
the three-dimensional elliptic problem will require very large
computer storage and computer time. The ejector con-
figuration, however, lends itself to solution by the three-
dimensional parabolic-flow procedure of Patankar and
Spalding.8 The method assumes that there is a predominant
flow direction so that the flowfield can be computed by
marching in the flow direction from an upstream station
(where the flow conditions are known) to successive down-
stream stations. This is akin to solving a two-dimensional
problem at every station with consequent saving of computer
storage and time.

For the complex flowfield shown in Fig. 3, a sophisticated
model is required for turbulence closure. The two-equation
turbulence model described by Launder and Spalding9 is used
in the present work. The model incorporates differential
equations for the turbulence kinetic energy and its dissipation
rate; the local turbulent viscosity is calculated from these
quantities. The model has already been used in numerous
complex situations and has been shown to produce
satisfactory results.

The purpose of the present contribution is to report a
numerical solution for the flowfield in a hypermixing jet
ejector and to compare it with experiment. The streamwise
vortices produced by the hypermixing jets, which have been
hypothesized in most of the previous work, are here
calculated as a part of the detailed flowfield. The predicted
velocity profiles are compared with experimental data.

The details of the mathematical model and the solution
method are given in Sec. II. Section III represents the results
and their comparison with experimental data.

II. The Prediction Method

A. Governing Equations
The three-dimensional flowfield in the ejector is governed

by the continuity equation and the three momentum
equations. These equations are regarded as parabolic in the
longitudinal coordinate*. This implies that the stresses on the
planes normal to the x direction are neglected, and that the x
direction velocity is "driven" by the mean pressure p over the
cross section. These assumptions are the same as the ones used
in two-dimensional boundary-layer theory and are explained
more fully in Ref. 8. The density is considered to be uniform.
The governing equations in Cartesian coordinates are

Continuity

Momentum

du

du dv^ dw __
dx dy dz ~

du du
pu~ + pv — +pw— = -

dx dy dz dy

dv dv dv dTVpu— +pv — +pw— =dx dy dz dy

dw dw dw
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Here, u, v, w are the time-averaged velocity components
and the r's are the turbulent stresses; the corresponding
laminar stresses are assumed to be negligible in comparison.
To evaluate the turbulent stresses, a turbulence model is used.

B. Turbulence Model
The turbulent stresses are first expressed in terms of a

turbulent viscosity /*, and the velocity gradients. The ex-
pression in Cartesian tensor notation is:

j
-****<> (5)

where dfj is the Kronecker delta, and k is the kinetic energy of
turbulence. For the parabolic flow considered here, the
velocity gradients in the x direction (i.e., dUj/dXj) will be
neglected.

The two-equation turbulence model described by Launder
and Spalding9 expresses the turbulent viscosity ^( in terms of
two parameters, for which two differential equations are
solved. The expression for pt is

(6)

where CM is a constant, k is the kinetic energy of turbulence,
and e is the rate of its dissipation. For the three-dimensional
parabolic situation, the governing equations for k and e are

pudkd/c dk d/c _ ̂  / jj^ dk,\
dx PVdy PW dz ~ dy\ak dy)

3 ( fit dk\+ — { — — )
dz \ oif dz / (7)

de de de d / p, de \pu— +pv— +pw— =.— ( — — )
dx dy dz dy\af dy/

d / pt de\ / e\
+ Yz(^Yz) + (ClG-C2pe)(-k) (8)

The quantity G is the rate of generation of k by the action of
velocity gradients. Since, in the present situation, the only
significant gradients are du/dy and du/dz, the expression for
G becomes

(9)

The turbulence model involves five empirical constants.
According to the recommendation of Launder and Spalding,9
the following values of the constants are used:

0.09
c} c2

1.44 L92
ok af

1.0 1.3

As seen from Ref. 9, these constants have successfully been
used for a wide variety of situations to obtain satisfactory
agreement with experiment.

C. Solution Procedure
In the present work, the three-dimensional parabolic-flow

method of Patankar and Spalding8 is used to solve the
governing equations. Only a brief description of the method is
given here. The method employs a finite-difference marching
procedure; from known conditions for an upstream cross
section at x, the flowfield at the downstream cross section at
x+Ax is computed, and this marching process is continued
until the domain of interest is covered. Thus, only a two-
dimensional computer storage is needed for the cross section
under consideration. The finite-difference equations are

formed by integrating the differential equations over a small
control volume surrounding each grid point. The combined
effect of the convection and diffusion (or turbulent stress) is
expressed by the hybrid scheme (a combination of the central-
and upwind-difference schemes) discussed in Ref. 10. The
finite-difference equations are solved by a line-by-line method
in which the values of a variable for all the points along a grid
line are simultaneously computed by the use of the tri-
diagonal-matrix algorithm.

The evaluation of p and p requires special mention. For the
confined flow in the ejector, the total mass flow rate for any
cross section remains the same. The value of dp/dx should be
such that the resulting values of u give the required mass flow
rate. This is arrived at by guessing the value of dp/dx, solving
the momentum equation for w, and then correcting the w's and
dp/dx to satisfy the overall mass flow requirement. A similar
procedure involving the local continuity equation is used to
find the pressure field p which influences v and w. From a
guessed field of /?, the cross-stream momentum equations are
solved to obtain preliminary values of v and w; these, in
general, do not satisfy the continuity equation; therefore,
appropriate corrections to the pressure field are computed
such that the resulting corrections to the velocity field will
make the latter satisfy the continuity equation.

The governing equations are nonlinear and coupled. Thus,
the values of the coefficients in the finite-difference equations
depend on the values of the variables themselves. Therefore,
several iterations are performed during each A* step until the
resulting values of the variables cease to change.

For the ejector configurations studied here, the z direction
width of the cross section remains the same, but the y
direction dimension increases with x, since the duct is a two-
dimensional diffuser. For this reason, it is convenient to use a
finite-difference grid in x-y-z coordinates where r? is a nor-
malized y coordinate. In the present work, y='(y —
yB)/(yr-yB) was used, whereyB andyT are the values ofy
at the bottom and top walls of the diffuser, respectively. A
consequence of the use of this coordinate is that the grid plane
of i? = 0 coincides with the bottom wall, while ?j = 1 lies along
the top wall.

D. Boundary Conditions
The computational boundaries are outlined with dashed

lines in Fig. 4. The ejector is considered to be two-dimen-
sional, i.e., there is no change in they dimension with respect
to z and the equal length hypermixing alternating exits

EJECTOR WALL

HYPERMlXiNG
ELEMENTS

r~—"i 'SYMMETRY
PLANE
(MID-ELEMENT)

EJECTOR WALL

45

Fig. 4 Computational boundaries.



148 A. D, DEJOODE AND S. V. PATANKAR AIAA JOURNAL

continue to infinity, thus eliminating the consideration of the
ejector endwalls. Upon examining this situation one can see
that the center of the stream wise vortex formed would lie
along the between-element plane, and each successive cross-
stream plane (y-z plane) from midelement to midelement
would contain a vortex of equal strength but opposite in
direction of rotation. Because of this flow sequence, sym-
metry planes are used as boundaries at the midelement plane
of the hypermixing nozzles. At the symmetry planes the
velocity normal to the boundary is zero and the gradients of
other quantities normal to the boundary are zero.

The experimental situation, which is used to provide
comparison with the computed results, includes, in addition
to the hypermixing jets, wall jets on the diffuser walls.
However, since the hypermixing jets form the main focus of
the present work, the computations have been performed by
omitting the wall jets; indeed the friction at the diffuser walls
has also been set equal to zero. A parabolic marching com-
putation requires initial conditions as well as boundary
conditions. The specification of the initial conditions for the
present problem is described in Sec, III B.

III. Results and Comparison with Experimental Data

A. Experimental Apparatus
The basic ejector combines a centerbody nozzle with

Coanda jets on the walls in order to provide high augmen-
tation during conversion to wing-borne flight, and to simplify
integration with the flap system of the wing. The centerbody
jet velocity profiles computed from measured total and static
pressure profiles were used to compare with the results from
the three-dimensional finite-difference method.

A sketch of the test ejector is shown in Fig, 5. It had a
constant span of 20 in., but the components were designed so
that the throat width, as well as the flap length and position,
could be easily varied. The centerbody nozzle had a hyper-
mixing exit with a nominal length to gap ratio, c/7, of 6.25
and a hypermixing angle of 15 deg. Plane slots were used for
the Coanda jets. A slot in each endwall at the ejector throat
provided a curtain jet to prevent separation from these
surfaces. In the configuration described here, 61% of the
primary flow went to the centerbody jet, 14% went to each of
the Coanda jets, and the remaining 5% of the flow was
divided between the two endwall jets.

The test ejector was supported on four flexible rods at-
tached to a frame/The net thrust was measured with two load
cells installed on connecting arms between the frame and
lower endwall. High-pressure air was supplied to the primary
jets from a single source; but the rate of flow to each nozzle
was measured separately, with a calibrated venturi in each of
the feed lines. Internal screens and baffles were used to

CENTERBODY AIR

COANDA AND
WALL PRIMARY
AIR.

FRAME-

Fig. 5 Sketch of the test ejector.

smooth out spanwise variations in the jet velocity and the
stagnation pressure was determined with a total pressure
probe in the exit of each nozzle.

Chordwise total and static pressure surveys were obtained
at several stream wise and span stations by means of a
traversing rake system on which was mounted a pitot-static
probe. The resulting total and static pressure profiles were
digitized, corresponding velocity values were calculated and
plotted. The error in positioning the pitot-static probe has
been estimated at ± 10% of the hypermixing element length c.

B. Initial Conditions
The initial conditions for the velocities at the nozzle exit

plane were primarily determined from experimental
measurements. The mainstream jet velocity u was calculated
from the measured mass flow for the hypermixing nozzle with
the jet velocity component in the>> direction v calculated using
the calculated u velocity and the tangent of the hypermixing
angle. The velocity components in the z direction w were set to
zero initially.

Experimental secondary flow velocities were not available
at the nozzle exit plane; however, they were available at the
ejector throat. Since the inlet region from the nozzle exit to
the throat is an accelerating flow region, an arbitrary con-
tracting inlet shape was used as the boundary from the nozzle
exit to the throat. Continuity was then used to calculate the
correct secondary velocity given in the inlet boundary and the
known experimental secondary velocity at the throat.

Specifying the initial v velocity components of the
secondary flow was found to be necessary to obtain
reasonable agreement with experimental velocity profiles at
downstream locations approaching the diffuser exit. No
cross-stream velocity components were measured in the ex-
periment so the initial v velocity components in the secondary
flow were determined by using the secondary u velocity and
the tangent of the secondary flow direction angle. This angle
was set equal to the hypermixing jet angle near the jet and
linearly decreased to zero at a point midway between the jet
and the adjacent ejector boundary.

Turbulence initial conditions for the jet were not known for
the test configuration, so a value of initial turbulence kinetic
energy based on freejet measurements was used. The initial
level of turbulence kinetic energy in the jet was specified to be
12% of the jet mean flow kinetic energy. Decreasing the
initial turbulence kinetic energy to 6% of the jet mean flow
kinetic energy changed the computed mainstream velocities by
less than 1 %. The turbulence kinetic energy level in the initial
secondary stream was set equal to 0.2% of the mean
secondary flow kinetic energy. Changes in the initial levels of
secondary flow turbulence also resulted in negligible changes
in the computed results. The insensitivity to the initial tur-
bulence levels leads to the conclusion that the magnitudes of
the turbulence kinetic energy (and resulting flowfield
development) are dominated by the stream wise vortex formed
rather than the initial turbulence. The initial value of the
dissipation e was specified such that the resulting turbulent
viscosity became equal to 0.0025pw/ in the jet and 0.000025
pUjt in the secondary flow.

C. Computational Details
A grid of 25 points in the y direction and 22 points in the z

direction was used for the computations. The grid points were
unequally spaced with the highest density of points being in
the vicinity of the hypermixing jet. Making the grid finer,
39x28, resulted in changes in local mainstream velocities of
about 5%. The step sizes in the stream wise direction x were
variable; they gradually increased with x and resulted in a
total of about 60 steps from the inlet to the exit of the ejector.
The solution for the 25 x 22 grid required an average of eight
iterations per step to obtain convergence and a little less than
1 s per iteration on an IBM 370/168 computer.
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Fig. 6 Predicted main-
stream velocity profiles.

0.420 0.496

Mid-Element Between-Element
- - - - - Experiment

-Predicted. £= 0.120 ————predicted,£= 0.496
1.0

0.8

* ~ 0 . 6

0.4

0.2

1.0

0.8

t~ 0.6
77

6.4

0.2

- I

- ^5>
J2>

V

; '

" ^T̂
r^^*

. '

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

U/Uj U/Uj

Fig. 7 Comparison of measured and predicted mainstream
velocities.

D. Mainstream Velocity Profiles
Selected computed mainstream velocity profiles from the

midelement (z/c = Q) to the between-element plane (z/c = 0.5)
of an element with a positive v velocity component are
presented in Fig. 6 at three x/t positions. The velocity profiles
from z/c=1.0 to 0.5 (negative v velocity) , which are not
shown, are the same as those presented from z/c = 0 to 0.5
except that they are inverted with respect to rj = 0.5. At a low
value of x, such as x/t = 5, the jet profile is seen to develop
from a single peak (located above 7? = 0.5) at the midelement
position to a double peak at the between-element position. At
larger values of x, however, the two peaks of velocity are

visible at almost all values of z. This is to be expected, because
for these downstream locations the cross-stream velocities had
enough opportunity to convect the second peak from the
between-element location to the midelement location. That
the flow created by the hypermixing jet would eventually
become a two-dimensional flow is also indicated by the
profiles for x/t = 45. The magnitude of the secondary flow
velocity is seen to decrease as x increases; this is the result of
the area increase in the diffuser.

The computed velocity profiles are compared to measured
profiles in Fig. 7. The computed profiles at z/c = 0.12 are
shown in the midelement comparison rather than one closer to
z/c-Q. The reason is that the measured profiles for the
midelement location appeared to have a shape so much like
the computed profiles at z/c = 0.12 that the probe alignment
was believed to be in error by the corresponding distance.
After all, a small misalignment of the probe could cause a
large change in the measured velocities, and detailed
measurements at many z locations would be required to
resolve this matter conclusively. Within the uncertainty of the
probe alignment, the comparison of the predicted velocity
profiles with the measured ones is considered to be satisfac-
tory. All of the qualitative features such as the double peak
between the elements, the appearance of the second peak at
the midelement location and the merging of the two peaks at
large values of x are correctly predicted; and the quantitative
agreement between measurement and prediction is also fairly
good.

E. Cross-Stream Velocity Field
The computed velocity vectors in the cross-stream plane are

presented in Fig. 8 for three x/t locations. The computed
results definitely show the development of streamwise vortex
from the hypermixing nozzle. When the hypermixing nozzle
concept was conceived, it was proposed that a vortex was
developed but its existence was never really verified by any
means. The present computations appear to be the first
theoretical calculation of the streamwise vortex of the
hypermixing jet. Figure 8 shows that the overall shape and
pattern of the vortex is preserved at all x locations; but the
magnitudes of the velocities decay with x.

F. Pressure Rise Through the Ejector
The predicted pressure rise through the ejector is compared

to experimental data in Fig. 9. The pressure rise is un-



150 A. D. DEJOODE ANDS. V. PATANKAR AIAA JOURNAL

0.6

y/c

0

-0.6

0.6

v/c

x/t = 5

I f f i f / . / / ' / . v \ \ \ \ i |

f 1 / / / . / / // vY i t I I I

i f f / / / . / / / M I i M l

t f f / / / / / / • / / / / I |
i t t ' r / / / « / / / / / •/ Mi
tM t ! -t v / / / / / / -/ Mi
M i l t \ * ' / / / / • / / I i I

i \ \ \

-0.6

0.6

y/c

-0.6

x/t = 25

x/t = 45

0.5
z/c

/ M l

I I I

f i n

i.o

Fig. 8 Predicted cross-stream velocity field.

derpredicted by 7%. Here it must be remembered that the
computations focused attention on the hypermixing jet and
did not include the wall jets on the diffuser walls; also the
friction at the diffuser walls was put equal to zero. The
measured pressure rise is of course influenced by the presence
of the wall jets and the wall friction. Some of the discrepancy
in Fig. 9 can be attributed to these factors. With this per-
spective, the agreement between experiment and prediction
can be judged to be satisfactory.

AP

10 20 30 40 50

Fig, 9 Pressure rise in the ejector.

IV. Final Remarks
A three-dimensional parabolic finite-difference method

incorporating a two-equation turbulence model has been used
to predict the flowfield generated by a hypermixing jet in an
ejector. The stream wise vortex formed by the jet has been
predicted along with other important details of the flowfield.
The comparison of the predictions with experimental data
shows satisfactory agreement. It should be noted that the
empirical constants in the turbulence model used have been
previously established from other situations, and have not
been adjusted for the particular problem considered here. The
flowfield predictions have been found to be insensitive to the
intitial levels of turbulence. This is a consequence of the
substantial generation of turbulence kinetic energy caused by
the streamwise vortex in the flowfield. The present study
establishes confidence in the ability of the method described
to predict the complex flow of a hypermixing jet in an ejector.
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